We present a generating functional which describes the equilibrium thermodynamic response of a relativistic system to external sources. A variational principle gives rise to constraints on the response parameters of relativistic hydrodynamics without making use of an entropy current. Our method reproduces and extends results available in the literature. It also provides a technique for efficiently computing n-point zero-frequency hydrodynamic correlation functions without the need to solve the equations of hydrodynamics.
Introduction.-Hydrodynamics is a generic effective theory, valid on distance scales much longer than the typical mean free path, and applicable to many diverse physical theories at finite temperature [1] . The equations of hydrodynamics are characterized by several response parameters which need to be specified for each particular system. These response parameters are usually constrained by a set of equalities and inequalities which are conventionally determined by requiring the existence of a local entropy current with positive semi-definite divergence. In this Letter, we will systematically derive the equality-type constraints on the response parameters using a variational principle.
In the hydrodynamic regime, a relativistic system can be described in terms of a velocity field u µ , normalized such that u µ u µ = −1, and a temperature T . When there is a conserved U (1) charge, the corresponding chemical potential µ provides an additional hydrodynamic degree of freedom. If the U (1) symmetry is spontaneously broken, the emerging Goldstone boson φ also turns into a hydrodynamic degree of freedom.
The energy-momentum tensor T µν and the (nonanomalous) charge current J µ may be expressed through constitutive relations in terms of the hydrodynamic variables and their gradients. The kinematic equations for hydrodynamics then amount to energy-momentum and charge conservation,
In (1) F µν is the field strength of a background gauge field A µ conjugate to J µ . The covariant derivative D µ depends on a background metric g µν .
In d spacetime dimensions, we decompose the energymomentum tensor and U (1) current into scalars, vectors and tensors of the SO(d−1) ⊂ SO(d−1, 1) symmetry preserved by u µ ,
where ∆ µν = g µν + u µ u ν is a projection matrix, q µ u µ = ν µ u µ = 0 and u µ τ µν = g µν τ µν = 0. The scalars E, P, and N along with the vectors q µ , ν µ and the tensor τ µν may be written as local functions of the hydrodynamic variables and their derivatives. In the hydrodynamic approximation, the constitutive relations (2) can be written in a derivative expansion [2] . Several considerations come into play in determining which tensor structures can contribute to the quantities in (2) . First, we note that there is an inherent ambiguity in defining the velocity field, temperature, and chemical potential out of equilibrium. We may always redefine T → T + δT , µ → µ + δµ, and u µ → u µ + δu µ such that δT , δµ, and δu µ vanish in the absence of gradients. Such field redefinitions are called changes of frame. A canonical choice of frame is the Landau frame in which q µ = 0, E = , and N = ρ with and ρ the energy and charge densities in the absence of gradients. Even after choosing a frame not all tensor structures are allowed; as it turns out, the existence of an entropy current together with the Onsager relations leads to restrictions on the allowed tensor structures [1] .
The restrictions imposed by the existence of an entropy current are either inequalities or equalities. For example, in the presence of an electric field, the tensor decomposition of the current, J i = κ∆ iµ ∂ µ µ T + σE i , is subject to an equality-type relation, κ = −σT . In this Letter, we systematically show how relations of this type are enforced by the equilibrium properties of the theory in the presence of external sources A µ and g µν , and follow from a variational principle. As a result, we learn that the hydrodynamic constitutive relations are constrained both by symmetry and by the need to consistently describe static equilibria with external sources.
Equilibria.-A time-independent equilibrium configuration can be characterized by a constant timelike vector V µ , where V µ = (1, 0) in suitable coordinates. Starting from a source-free equilibrium configuration we assume that finite sources can be turned on adiabatically while maintaining equilibrium. In other words, we will only be considering configurations in which the Lie derivative with respect to V µ , L V , vanishes when acting on thermodynamic quantities or sources. Furthermore, we will
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be studying configurations with a finite static correlation length. Thus, Euclidean correlation functions fall off exponentially at large distances, implying that zerofrequency Fourier-space correlators are analytic at low momentum.
Correlators in the equilibrium configuration can be obtained by differentiating a generating functional with respect to the sources. Indeed, consider the set of all zerofrequency correlation functions, expanded to m th order in momenta about zero. We call these n-point functions truncated correlators. After a Fourier transform, we obtain approximate position-space correlation functions valid on length scales much larger than the correlation length of the system, much like a multipole approximation characterizes a localized distribution on large scales. Integrating the truncated functions over sources leads to one-point functions, which will be local functions of the sources. These may be further integrated to obtain the equilibrium generating functional for truncated correlation functions
where L includes terms with up to m derivatives [3].
In order for W m to be diffeomorphism and gauge invariant, L must be constructed from local diffeomorphism and gauge invariant scalars, possibly in combination with V µ . In addition, L can depend on observables that are local in space but non-local in Euclidean time such as the invariant length of the time circle in the Euclideanized theory L, and the Polyakov loops P A of any U (1) gauge fields. Since L V = 0, we find L = β √ −V 2 and ln P A = βV µ A µ , where β is the coordinate periodicity of the time circle [4] . We identify the temperature T , the chemical potential µ, and the velocity field u µ as
The parameters T , µ, and u µ depend on position through A µ and V µ .
Suppose that there are N n scalar quantities at n th order in a derivative expansion. We will denote them by s n,1 , , s n,2 , . . . , s n,Nn . For instance, in a theory containing a single conserved current (corresponding to an unbroken symmetry) we have s 0,1 = T and s 0,2 = µ. The most general generating functional for truncated zerofrequency correlators is of the form
where the α n,i and P are functions of the zeroth order scalars which we denoted collectively by s 0 . In the source-free equilibrium state, all of the derivative contributions to (5) vanish, so that W m is the logarithm of the exact equilibrium partition function. Thus, we identify P with the pressure of the source-free equilibrium state. We obtain one-point functions of the energymomentum tensor and conserved current by varying W m with respect to the metric and gauge field,
If we denote the set of n th order transverse vectors and transverse traceless tensors by v n,i and t n,i then, on comparing (6) to (2), we find
where the 's, π's, φ's, γ's, δ's and θ's are determined in terms of the α's and their derivatives. While the most general expression for the energy-momentum tensor and current takes the form (2), the fact that T µν and J µ have been obtained from a local generating functional implies that not all tensor, vector and scalar structures are allowed, and that relations of the form (7) hold. The gauge and diffeomorphism invariance of W m ensures that the solution (7) provided by (6) will satisfy the hydrodynamic equations (1). Matching the thermodynamic theory to the effective hydrodynamic description (7) gives the constitutive relations in a particular frame, which we call the thermodynamic frame. In this frame, the values for the temperature, chemical potential and velocity field remain unchanged from their equilibrium definitions (4) after the hydrodynamic equations have been solved.
In what follows we will give several explicit examples of systems where the relations (7) are obtained from the generating functional (5). Some of these systems have been analyzed in the literature by requiring the existence of an entropy current. In all our examples, the nondissipative constraints obtained using the entropy current method match those obtained here.
Example 1: Ideal superfluids.-We begin by constructing the generating functional and computing the onepoint functions for a superfluid to zeroth order in derivatives (i.e. an ideal superfluid, see [5, 6] for a brief review). In addition to the zeroth order scalars s 0,1 = T and s 0,2 = µ we can, a priori, construct two scalars from the extra hydrodynamic degree of freedom associated with the Goldstone boson, ξ µ ξ µ = −ξ 2 and u µ ξ µ , where ξ µ is the gauge invariant combination ξ µ = −∂ µ φ + A µ . Since L V φ = 0 implies that u µ ξ µ = µ, only s 0,3 = ξ 2 is an in-dependent scalar. According to (5), the generating functional takes the form
Using (6) we find
with dP = sdT + ρdµ + Table I which specify the magnetic field and vorticity. Thus, we have the generating functional
The notation in (10) deviates slightly from (5) in that the coefficients of parity odd tensors are adorned with a tilde. Furthermore, since all the results in this example involve tensors with one derivative, we have also dropped the derivative index n. We use the same simplified notation for the quantities in (7). An exhaustive list of all possible first derivative tensors can be found in [9] . The constraint L V = 0 leads to the restricted list given in Table I . Indeed, in equilibrium we find that
are satisfied identically, where we have defined
. Thus, the shear tensor σ µν constructed from the projected, traceless, symmetrized version of D µ u ν vanishes as does the vector E µ −T ∂ µ µ T . We note that both σ µν and E µ −T ∂ µ µ T contribute to dissipation, consistent with the claim that we are studying equilibrium states. By varying W 1 with respect to the metric and gauge field and decomposing according to (2) and (7) we find
where a prime denotes a derivative with respect to T and a dot a derivative with respect to µ. An analysis of parity-violating hydrodynamics in 2 + 1 dimensions based on a local version of the second law of (11) . R µ νρσ is the Riemann tensor and R the Ricci scalar. Triangular brackets denote a projected traceless symmetrized tensor,
thermodynamics can be found in [9] . Those results were presented in the Landau frame with
where the ellipsis denotes tensors which vanish in the equilibrium states under consideration. Matching the thermodynamic result (12) to the Landau frame coefficients we find
with R = ρ/( + P ), where ∂P ∂ρ and ∂P ∂ are evaluated at fixed and ρ respectively. From (14) we find χ E = χ T = 0 along with two relations among the four χ's. These relations are identical to those found in [9] with f Ω = 0, M B =α 1 and M Ω =α 2 . We emphasize that coefficients associated with tensor structures which vanish are undetermined by this method.
Example 3: Second-order hydrodynamics.-In our final example, we consider a parity-preserving theory in d spacetime dimensions without conserved U (1) currents to second order in derivatives. There is only one zeroth order scalar, s 0,1 = T . A computation similar to the one for the 2 + 1 dimensional fluid implies that there are no first order scalars and four second order scalars [10] ; see Table II . Using similar notation to the previous example, we will drop the derivative index from the quantities in (5) and (7).
Varying the generating functional W 2 defined in (5) with respect to the metric and expanding the resulting energy-momentum tensor according to (2) and (7) we find for d > 3,
where the tensor structures t i , v i and s i are given in Table  II . We refer the reader to [11] for a comprehensive discussion of second order tensor structures. In three spacetime dimensions (15) still describes the expansion (7) of the energy-momentum tensor, but the list of tensors is overcomplete. In particular, the tensors t 3 and t 1 + t 2 vanish so that only the combinations θ 1 − θ 2 and θ 4 appear in τ µν . An analysis of the restrictions on response coefficients of 3+1 dimensional systems to second order in the derivative expansion was carried out in [11] (see also [12] ). The results were presented in the Landau frame where P =T (ζ 2 s 1 + ζ 3 s 2 + ξ 3 s 3 + ξ 4 s 4 ) + · · · τ µν =T (κ 1 t 
The frame transformation from the thermodynamic frame to the Landau frame is given by δu µ = q µ /( + P ) and δT = ( − E)/ . After carrying out this frame transformation, we find et al., JHEP 04, 100 (2008).
[3] There exist several distinct proposals in the literature which define a dynamical effective action for nondissipative hydrodynamics [15] . For an ideal superfluid, a sufficient condition for the conservation laws (1) to hold in equilibrium is that Dµ(f ξ µ ) = 0, the equation of motion for φ. It would be interesting to identify the geometric criteria which will determine equilibrium configurations of superfluids in the presence of an external metric and gauge field. We thank S. Bhattacharyya for emphasizing this point. 
